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1 Introduction

The focus of this course will be game based models of real world phenomena.
Bargaining processes, political processes, and the evolution of traits in animal
populations, are examples of phenomena that could be modeled with a game.
These models will hopefully give insight into the particular phenomena being
studied. Before we begin modeling, we will develop a theoretical framework on
which to hang these models. This framework is known as game theory.

We all have a notion of what a game is. Most people would agree, that for
something to be a game there needs to be players. These players must have some
sort of options, or decisions to make and the players must have some goal or
preference for how the game ends. A game also needs rules. These rules should
make clear what actions are available to the player and how the outcome of the
game is dependent on the actions of all players. In the game of chess for instance
there are two players, white and black. There are rules that dictate precisely
how the game develops; the players alternate turns and in each turn the rules lay
out precisely which options are available to a player. The players have decisions
to make about which pieces they will move and how. The game ends when one
of the players is in check mate, and both player have a preference for the other
player being in checkmate when the game ends. Now we make this notion of a
game mathematically precise. Throughout this course we will represent games
in one of two forms: The normal or strategic form, and the extensive form.

2 Normal Form

The normal form representation of a game is a set of players, a set of allowable
strategies for each player, and a pay-off function that awards a payoff to each
player based on the strategies chosen by all the players.

definition 1. The n-player normal game consists of:

1. A set of players i ∈ I = {1, . . . , n}

2. A set Si of strategies for each player i ∈ I. Let si be an element of Si.
We call the vector s = (s1, s2, . . . , sn) a strategy profile for the game, and
denote the set of all possible strategy profiles as S.

3. A real valued payoff function πi : S → R for each player. So that πi is the
payoff to player i when strategy profile s is chosen.
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If there are only two players, it is convenient summarize the normal form in
a matrix, an example of this will be given later.

3 Extensive Form

The extensive form of a game is essentially a well-labeled picture. It is a conve-
nient way to represent sequential games where players make choices at different
times and where each player may make several decisions.

definition 2. The extensive form of a game consists of:

1. A set of players i ∈ I = 1, ..., n

2. A game tree

3. A set of payoffs

4. Information sets

A game tree consists of a number of nodes connected by branches. Each branch
b connects a head node bh to a tail node bt. If there is a path between nodes
a and a′, we say that a is an ancestor of a′ and that a′ is a successor of a.
The root node r has no ancestor nodes. T is the set of terminal nodes. These
are the nodes with no successors. We associate each terminal node t ∈ T ,
and each player i, a real valued payoff πi(t) ∈ R. The game is finite if T is
finite. The game tree has the following property: there must be exactly one path
from the root node r to any given terminal node t of the game tree. The play
of the game relates to the game tree as follows. Each non-terminal (decision)
node is assigned to a player who chooses an action at this node. Each branch
represents a possible action at a decision node. The branch chosen determines
the next stage in the game. If the chosen branch leads to another decision node,
the appropriate player chooses one of the actions available at that node. If the
chosen branch leads to a terminal node, the game ends and the corresponding
payouts are awarded to each player. An information set is a set of nodes all
assigned to the same player with the property that if a player is faced with the
decision that corresponds to one of these nodes, they do not know which of the
nodes within this information set that they are at. In the game tree dashed lines
connect all nodes in the same information set.

4 Example: Big Monkey and Little Monkey

We now use a simple example to give instances of the normal and extensive
forms of a game. There is one fruit, and both Big Monkey and Little Monkey
want to eat it. To get the fruit, at least one of the monkeys must climb the tree
and shake the tree until the fruit falls to the ground. A fruit is worth 10 Kc
(kilocalories) of energy, the cost of climbing up the tree, shaking the fruit loose,
and climbing back down to the ground is 2 Kc for Big Monkey, but is negligible
for Little Monkey, who is much smaller. If BM gets to the fruit first, he eats
most of it and so gets 9 Kc and LM gets only 1 Kc. If LM gets to the fruit first,
he gets 4 Kc and BM gets 6 Kc. If they both get to the fruit at the same time,
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BM gets 7 Kc and LM gets 3 Kc. Should the monkeys climb or wait given that
Little Monkey chooses his action first, and then Big Monkey chooses.

A matrix can represent the normal form of this game as follows.
BM’s Strategies

Always Climb Alway Wait Opposite of LM Same as LM

L
M

’s

St
ra

ta
gi

es Wait LM gets 4kc LM gets 0Kc LM gets 4kc LM gets 0Kc
BM gets 4Kc BM gets 0Kc BM gets 4Kc BM gets 0Kc

Climb LM gets 3Kc LM gets 1Kc LM gets 1Kc LM gets 3Kc
BM gets 5Kc BM gets 9 Kc BM gets 9 Kc BM gets 5Kc

The extensive form of the game can represented as follows

LM

BM

(3,5)(1,9) (4,4)(0,0)

BM

Note that any finite game that can be represented in normal form can also
be represented in extended form and vice versa. Where a finite game is a game
where each player has a finite number of strategies. Depending on the specifics
of the game, one of the forms will often be much easier to work with than the
other. Also note that the actions of a player in the extensive form of a game
are not the same as the strategies of a game in a normal form. A strategy is a
set of instructions that prescribes which actions a player should choose in every
possible situation of the game.

The question that game theory asks, and often answers, is Given a game,
what strategies do the players chose? To answer this question some assumptions
about the game are usually made.

1. All players are rational and know that the other players are rational. Here
rational means that a player will choose actions that maximizes her/his
payout.

2. All players know all the rules of the game, and how the various combi-
nations of strategies translate into payoffs for each player, and all players
know that all the other players have full knowledge.

3. Strategies are chosen before the game begins.

Note that in a game where players are only concerned with maximizing their
payoff, only the qualitative information conveyed by the payoff function values
is relevant. For example if a, b and c are three possible strategies for a player,
the payoff function which assigns 1 to a, 2 to b and 3 to c is identical to the
function which assigns 1 to a, 7 to b and 100 to c.
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5 Nash Equilibrium

The primary tool in game theory for figuring out which strategies players choose
is the Nash equilibrium. A Nash equilibrium is a strategy profile with the
property that if any player were given the opportunity to change her/his strat-
egy, and they knew that the other players would not change their strategies,
there would be no incentive to change her/his strategy. This can be writ-
ten precisely and succinctly with the introduction of the following notation.
s−i = {s1, s2, . . . , si−1, si+1, . . . , sn} where s−i ∈ S−i is the strategy profile of
all the players other than player i. The full strategy profile is then {(si, s−i}.

definition 3. A Nash equilibrium is a strategy profile s∗ = (s∗i , s
∗
−i), such that

each player has no better option than to play strategy s∗i if the other players play
s∗−i. Thus a strategy profile is a Nash equilibrium if for all si ∈ Si and for all
i ∈ I we have πi(s∗i , s

∗
−i) ≥ πi(si, s

∗
−i)

A strict Nash equilibrium has the same definition as above only the inequality
is strict (except of course when si = s∗i ). Another way of thinking about a Nash
equilibrium is in terms of a best response function. The best response function
Bi : S−i → Si gives the strategy si ∈ Si that player i should play to maximize
his/her payoff given that the rest of the players have the profile s−i ∈ S−i . A
Nash equilibrium is then a strategy profile in which every player is playing the
best response to the current strategy profile.
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