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1 Definitions

Recall that the primary question of game theory is, “Given a game, what strate-
gies do the players chose?” We now present a method for simplifying this prob-
lem. This method is based on the notions of equivalent strategies and dominated
strategies.

definition 4. Two strategies si and s′i are equivalent if and only if for any
strategy profile s ∈ S, all the players obtain the same payoff if player i plays
switches from si to s′i. In symbols, si and s′i are equivalent if and only if ∀j ∈
I, ∀s−i ∈ S−i, πj(si, s−i) = πj(s′i, s−i) Recall that I is the set of all players

So an equivalent strategy is exactly what you would expect it to be. When
strategies are equivalent, it makes no difference to any of the players which of
the equivalent strategies is played. To simplify the analysis of a game each set
of equivalent strategies should be replaced by a single representative strategy
from that set. While this step may seem trivial, it is still helpful.

definition 5. Player i’s strategy si is strictly dominated by strategy s′i if and
only if whatever the strategies of the other players, player i always obtains a
strictly lower payoff with strategy si than with strategy s′i. In symbols si is
strictly dominated by strategy s′i ⇐⇒ ∀s−i ∈ S−i, πi(si, s−i) < πi(s′i, s−i)
We say player i’s strategy si is weakly dominated by strategy s′i ⇐⇒ ∀s−i ∈
S−i, πi(si, s−i) ≤ πi(s′i, s−i).

So a strictly dominated strategy is a strategy that a player would never
choose to play because that player has another strategy that will always yield a
higher payoff than the dominated strategy. Assuming that a player is rational
we no longer need to consider dominated strategies in our analysis of a game
since a rational player will never play a dominated strategy.

Recall that games are represented in either normal form, as a set of strategies
for each player and a payoff function, or in extensive form as a game tree. We
will now show how these ideas of equivalent and dominated strategies are useful
for simplifying games in either form. In extensive form games this method is
essentially a systematic way of pruning the game tree. In two player normal form
games, where the game is represented as a matrix, this method is essentially a
systematic way of crossing out rows and columns.
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2 Pruning the Game Tree

The dominated strategies in an extensive form game can be removed using the
following pruning technique. Choose a terminal node t ∈ T and its parent node
a. Suppose player i chooses and action at node a, and suppose is highest payoff
at a is attained at node t′ ∈ T . We can erase all the branches from a so that
a becomes a terminal node with associated payoff πi(t′) (it is also necessary
to record player i’s chosen action at a and all the other players payoffs). By
repeating this procedure for all the remaining terminal nodes of the original
game tree, we obtain an extensive form game that is potentially one level less
deep than the original game. This whole procedure can then be repeated, each
repetition removing one level of depth from the tree, until there is only one node
left. Because a record of each players actions has been kept, this final node gives
the strategies and payoffs of all the players. While this process might seem a
little convoluded at first, an example will quickly show that not much is going
on.

We return to Big Monkey and Little Monkey in the game where Little Mon-
key plays first. The extensive form of the game looked like this.

LM

BM

(3,5)(1,9) (4,4)(0,0)

BM

If BM is at the node where LM has climbed then BM has a choice between
climbing and receiving a payoff of 5 or waiting and receiving a payoff of 9. Since
BM is rational he will choose to wait. So we would prune our game tree, keeping
track of BMs chosen action and get:

LM

BM

(1,9)

(4,4)(0,0)

BM Waits

Similarly if BM is at the node where LM waited, then since BM is rational
BM will climb since 4 is a better payoff for BM than 0.
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LM

BM Climbs
(1,9) (4,4)

BM Waits

Now LM only has to choose between climbing and receiving a payoff of 1 or
waiting and receiving a payoff of 4. Since LM is rational he will choose to wait,
so pruning the tree one last time we are left with.

LM Waits
BM Climbs

(4,4)

So given that BM and LM are rational LM will wait and BM will climb,
and any combination of strategies that produces this sequence of actions is a
Nash equilibrium. In this example the tree was reduced to a single node. In
other situations we may not be so lucky. If there is a decision node where a
player is indifferent to the choice between two or more actions then the tree will
not reduce to a single node. Consider this modified Little Monkey, Big Monkey
Game:

LM

BM

(1,7)(3,7) (4,4)(0,0)

BM

The pruning technique is still effective in this case though. Pruning the right
branch we get:
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LM

BM Climbs

(1,7)(3,7)

(4,4)

BM

Now regardless of what BM chooses to do when LM climbs, LM can get at
most 3 as his payoff if LM chooses to climb, which is less than LMs payoff of 4
when LM waits. We can then say that a strategy in which LM chooses to climb
is dominated by a strategy where LM chooses to wait in this pruned version
of the game. Since LM is rational LM will wait, and since BM is rational BM
will climb, and again all Nash equilibria in this game will be strategy sets that
produce this outcome.

3 Crossing out Rows and Coloums

The dominated strategies in two player normal form games can be removed
using the following technique. Look at all the strategies of each player. If either
player has a dominated strategy cross out the corresponding row or column.
Now redraw the game without the dominated strategy. Repeat this process of
removing dominated strategies on the new matrix. Keep eliminating dominated
strategies until there are no longer any dominated strategies.

While the explanation of this technique may be a little convoluted an exam-
ple will show just how simple it is. Consider the following game where player
one plays s1, s2, s3, s4 and player two plays t1, t2, t3, ort4.

t1 t2 t3 t4
s1 4,4 5,3 20,1 13,2
s2 3,6 2,5 18,1 2,4
s3 0,20 0,30 16,16 15,15
s4 2,8 1,15 17,15 18,14

For player one, s3 is dominated by s4. So crossing out the row corresponding
to s3 we have:

t1 t2 t3 t4
s1 4,4 5,3 20,1 13,2
s2 3,6 2,5 18,1 2,4
s4 2,8 1,15 17,15 18,14

Now for player two t4 is dominated by t2. So crossing out the column
corresponding to t4 we have:

t1 t2 t3
s1 4,4 5,3 20,1
s2 3,6 2,5 18,1
s4 2,8 1,15 17,15
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Now in this simpler game s1 dominates s2 and s4. So crossing out the rows
corresponding to s2 and s4 we are left with:

t1 t2 t3
s1 4,4 5,3 20,1

Now t1 dominates t2 and t3. So crossing out the columns corresponding to
t2 and t3 we have finally:

The extensive form of the game can represented as follows
t1

s1 4,4
Clearly then the Nash equilibrium for this game is for player one to play s1

and for player two to play t1. Given the rationality assumption then the players
will choose s1 and t1 respectively. Looking back at the original game one might
think that the players would choose s3 and t3 respectively and thus garner a
payoff of 16 each, which is definately superior to a payoff of 4 each, and yet that
is not the Nash equilibrium because the players believe eachother to be rational
and selfish.

This gives us an excellent characterization of the Nash equilibrium. In a
payoff matrix, in a cell corresponding to a Nash equilibrium, player 1’s payoff
is the highest down the column and player 2’s payoff is the highest across the
row.
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