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1 Pareto Optimality

Some games have more than one Nash equilibrium. Using an extension of the
rationality assumption we can, in some cases, predict which of the Nash equilib-
ria strategy sets, the players will choose to play. If there is a Nash equilibrium,
where each player receives a higher payoff than at any of the other equilibria,
then this Nash equilibrium is said to be Pareto optimal. Using the assump-
tions that players are rational, that is they maximize their payoffs, we can say
that since each player prefers to be at the Pareto optimal Nash equilibrium, the
players will play the strategies of the Pareto optimal Nash equilibrium.

definition 6. A Nash equilibrium strategy set is strictly Pareto optimal if and
only if each player always obtains a strictly lower payoff at any other Nash
equilibrium. Let n ∈ N be the set of Nash equilibria. Let i ∈ I be the set of
players and πi(n) be the payoff to player i at Nash equilibria n, n∗ is the strictly
Pareto optimal strategy ⇐⇒ ∀i ∈ I and ∀n ∈ N, πi(n) < πi(n∗) (with equality
only when n = n∗). n∗ is the weakly Pareto optimal strategy ⇐⇒ ∀i ∈ I and
∀n ∈ N, πi(n) ≤ πi(n∗).

Here is a simple example of how the notion of Pareto optimality is used.
Consider the following game where player one plays s1, s2, s3, s4, and player two
plays t1, t2, t3, t4.

t1 t2 t3 t4
s1 1,1 0,0 0,0 0,0
s2 0,0 3,2 0,0 0,0
s3 0,0 0,0 2,3 0,0
s4 0,0 0,0 0,0 4,4

There are four Nash equilibria, {s1, t1}, {s2, t2}, {s3, t3}, and {s4, t4}. The
payoff to each player at the Nash equilibrium {s4, t4} is 4 for each player. This
is greater than the payoff of 1, 2, or 3 that the players will receive at the other
possible Nash equilibria. So the Nash equilibrium {s4, t4} is Pareto optimal and
so assuming that the players are rational player one will play s4 and player two
will play t4.

2 Continuous Strategies

So far we have only considered games where each player has a finite number of
strategies. We now consider games where the strategy sets of players are unions
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of intervals of the real number line. In this situation it is impossible to draw
a game tree or payoff matrix as defined previously. In games with continuous
strategies we will primarily analyze the payoff functions of the players. To find
the Nash equilibrium in games with continuous strategies, we apply the same
definitions as before. We now give a useful recipe for finding a Nash equilibrium
in a symmetric game. First we give a definition of a symmetric game.

definition 7. A game is symmetric if the players in the game are indistinguish-
able from each other. That is if they each have the same strategy set, S, and the
same payoff function π. Two players, i and j, have the same payoff function if
Si = Sj = S and ∀si ∈ Si and ∀s−i = sjSπi(s, s−i) = πj(s, s−j).

2.1 Recipe: Nash Equilibrium in Symmetric Games

In a symmetric game, with continuous strategies and continuous payoff functions
there is often a Nash equilibrium where all players are playing the same strategy,
s∗. We will call such strategies Nash equilibrium strategies. Here is a technique
for finding such strategies: Let s′ ∈ S′ be the set of candidate strategies for a
Nash equilibrium strategy. s′ is a candidate strategy if it is a local maxima of
the function πi(si, s

′), the payoff of player i when every other player is playing
strategy s′. Thus each strategy in S′ satisfies either:

1.
∂2

∂s2
πi(si, s−i) < 0 evaluated at si = s−i = s′, and

∂

∂s
πi(si, s−i) = 0

evaluated at si = s−i = s′, where, s−i = s′ means that all the players
other than player i are playing s′. or.

2.
∂2

∂s2
πi(si, s−i) > 0 evaluated at si = s−i = s′, and s′ is a boundary point

of the set of possible strategies S.

Note the derivatives are computed from left or right as appropriate at the bound-
ary points of the set of possible strategies. A candidate strategy s′ is a Nash
equilibrium strategy if it is the global maximum of the function πi(si, s−i = s′).
To determine whether this is the case, all the other maxima of the function
πi(si, s−i = s′), where si varies and s′ is fixed, must be found. If the great-
est maxima of πi(si, s−i = s′) occurs at si = s′, then the Nash equilibrium
condition, πi(si, s

′) ≤ πi(s′, s′) for all si ∈ Si, must hold.
Essentially in a symmetric game a Nash equilibrium strategy is the best

response to itself.
Here is an example of how you might use this recipe. Suppose the following

two-player game has payoff functions: π1(p, q) = p2(q−1) and π2(q, p) = q2(p−
1) where p ∈ [−1, 3] is the strategy set of player one and q ∈ [−1, 3] is the
strategy set of player 2.

Clearly this is a symmetric game. We have the players, player one and
player two, we have the strategy sets, the real numbers between -1 and 3, and
we have the payoff functions. Now we want to find a Nash equilibrium, (p∗, q∗),
a set of strategies where neither player has incentive to unilaterally change their
strategy. In symbols this means for all p ∈ [−1, 3]π1(p, q∗) ≤ π1(p∗, q∗), and for
all q ∈ [−1, 3]π2(q, p∗) ≤ π1(q∗, p∗).

Since the payoff functions are continuous, we can us partial derivatives to
find the local maxima of the function π1(p, q) when q is fixed at q∗, and p is
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allowed to vary, and the local maxima of the function π2(q, p) where p is fixed
at p∗ and q is allowed to vary. Since the game is symmetric we can restrict our
attention to a single payoff function. Taking the partial derivative of π1(p, q)

with respect to p yields
∂

∂p
π1(p, q) = 2p(q − 1).

Following the recipe we set p = q = q′ and set the partial derivative equal
to zero and solve for q′. So 2q′(q′ − 1) = 0 implies that q′ is either 0 or 1. The

second derivative is
∂2

∂p2
π1(p, q) = 2(q−1). The second derivative is negative for

q < 1, positive for q > 1, and zero for q = 1. Now we check the boundaries and
the local extrema we have found. We know that −1 is not a candidate, since
although it is a boundary point the second derivative condition is not met. 0 is
a candidate since it is a local maxima. 1 is not a candidate strategy since it is
an inflection point and not a maxima. 3 is a candidate because it is a boundary
point which satisfies the second derivative condition. Thus our candidate Nash
equilibrium strategies are 0 and 3.

The case where both players play p = q = 0 is a non-strict Nash equilibrium
since if either of the players plays 0, then both players will receive a payoff of
0 regardless of the other players strategy. The case where both players play
p = q = 3 is a strict Nash equilibrium since π1(p, 3) = 2p2 clearly achieves a
global maximum at p = 3 given p ∈ [−1, 3].

If a game is not symmetric the analysis of it can be more difficult. Here
is a recipe for trying to find the Nash equilibrium in asymmetric games. First
though we must refine our definition of a best response function.

definition 8. The best response function Bi : S−i → Si gives the strategy
si ∈ Si that player i should play to maximize his/her payoff given that the rest
of the players are playing the profile s−i ∈ S−i. In symbols:

Bi(s−i) = s′ ⇐⇒ ∀si ∈ Siπi(si, s−i) ≤ πi(s′, s−i).

2.2 Recipe: Nash equilibrium in Asymmetric games

As in all games first answer these three questions.

1. Who or what are the players?

2. What is the strategy set of each player? (this may be difficult for a game
in tree form)

3. What is the payoff function for each player?

Now recall an equivalent definition of a Nash equilibrium: a strategy profile is
a Nash equilibrium if and only if each player is playing their best response to that
strategy profile. Then next step is then to find the best response function of each
player. This can often be done, just by inspecting the payoff function. Another
way of finding the best response function is by taking the partial derivative of
a players payoff function with respect to their strategy, setting this derivative
equal to zero, and then solving for the players strategy in terms of the other
players strategies. The second derivative should be checked to be sure that
the strategy being solved for is indeed maximizing the players payoff function
and not minimizing it. The boundary points should also be checked. Once the
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best response functions, Bi : S−i → Si for each player i have been found we
need to find the strategy profiles where these best response functions intersect.
Consider a two player game, at a Nash equilibrium both players are playing
the best response to each other, so if the Nash equilibrium is s∗1, s

∗
2, then we

have the equations. B1(s∗2) = s∗1 and B1(s∗1) = s∗2. This is a simple system
of two equations with two unknowns, s∗1 and s∗2, which depending on the best
response functions may be solved with varying degrees of ease. In a three
player game with Nash equilibrium (s∗1, s

∗
2, s
∗
3), the system of equations to solve

would be B1(s∗2, s
∗
3) = s∗1, B2(s∗1, s

∗
3) = s∗2, and B3(s∗1, s

∗
2) = s∗3. This is a

system with three equations and three unknowns, and so again depending on the
specific best response functions may be solved with varying degrees of difficulty.
Then generalizing to the n player case we have n equations each of the form
Bi(s∗−i) = s∗i for i ∈ [1, 2, . . . , n], and n unknowns. Hopefully the best response
functions are such that the system of equations is solvable.

Here is an example of how you might use this recipe. Suppose the following
two player game has payoff functions π1(p, q) = p2(1−q) and π2(q, p) = (q−p)2
where p ∈ [−1, 3] is player one’s strategy set, and q ∈ [−1, 3] is player two’s
strategy set. Again we have the players, player one and player two, we have the
strategy sets, the real numbers between -1 and 3 for both players, and we have
the payoff functions. Now to find the best response functions. First we look at
player ones payoff function π1(p, q) = p2(1− q). Clearly if q < 1 then π1(p, q) is
proportional to p2 and so the best response of player one is clearly the largest
possible number in terms of absolute value, in this case p = 3, and if q > 1 then
π1(p, q) is proportional to −(p2) and so the best response of player one is to
play the strategy with smallest absolute value, in this case p = 0. So we write

B1(q) = {0 if q > 1 and 3 if q < 1}.

Note that B1(q) is undefined at q = 1 because if player two plays q = 1, then
player one receives a payoff of zero regardless of his/her choice of strategy, and
so has no best response, since all responses are equivalent to player one’s payoff.
Now turning our attention to player two’s best response function. It may be
clear to some people immediately upon inspecting π2(q, p) = (q−p)2 that player
two’s best response is to always play the number furthest away from p but let’s
see if we can come to this same conclusion using derivative conditions. We have
∂

∂p
π2(p, q) = 2(q − p). Setting this equal to zero and solving for q in terms

of p yields q = p. We also have ∀q ∈ [−1, 3]
∂2

∂p2
π2(p, q) = 2 > 0. Since the

second derivative is always positive, for all possible values of p and q, we know
that playing q = p does not maximize, but rather minimizes player two’s payoff,
and that one of the end points of player two’s strategy set is the best response.
Clearly the endpoint furthest from p will be the best response. If p < 1 then
player two’s best response is q = 3, and if p > 1 then player two’s best response
is q = −1. So we write

B2(p) = {−1 if p > 1 and 3 if p < 1}.

. Our system of equations is B1(q∗) = p∗ and B2(p∗) = q∗. This game’s pure
strategy Nash equilibria are precisely the solutions of this system. To solve we
could substitute one equation into the other to get B1(B2(p∗)) = p∗. There
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are only two possible values for p∗, 0 and 3. If p∗ = 3 then B2(3) = −1 and
B1(−1) = 3, so the strategy profile (3,−1) is a Nash equilibrium. If p∗ = 0, then
B2(0) = 3 and B1(3) = 0, so the strategy profile (0, 3) is also a Nash equilibrium.
The (3,−1) equilibrium is Pareto optimal to the (0, 3) equilibrium, you should
be able to show why.

3 Expected Utility Principle and Games Where
Nature Moves

We now introduce notions of chance into our theory of games. The simplest
way to do this is to have one of the players in a game be Nature. Just like an
ordinary player Nature has a strategy set. Unlike an ordinary player though,
Nature does not have a payoff function that it is trying to maximize. Instead the
strategy that nature chooses to play is a random variable, generated by some
probability distribution on Natures strategy set. In this situation we extend the
assumption of total information so that the players are assumed to know the
distribution with which nature chooses its strategies. Now that payoffs depend
on the strategy of Nature, the payoffs are functions of a random variable, and
thus random variables themselves. Previously we assumed that players acted
to maximize their payoff, now we assume that in the face of uncertainty players
act to maximize the expectation of their payoff.

definition 9. Expeted value is defined as follows. Let there be a set of events
E = (e1, e2, . . . , en), which each occur with respective probability (p1, p2, . . . , pn),
such that all pi ≥ 0 and

∑n
i=1 pi = 1. Suppose a player has a payoff π(ei)

associated with each event. Then the expected value of this situation to the
player is π(E) =

∑n
i=1 piπ(ei).

A quick example will illustrate how this principle works. Consider a game
where Sarah has to decide whether to purchase a lottery ticket or not, the lottery
ticket costs one dollar and there is a one in ten chance that the ticket will be
a winning ticket, in which case Sarah will win $15. This can be thought of as
a sequential game in which Sarah decides whether or not to purchase a ticket,
and then nature decides whether the ticket is a winner. The game tree of this
game would look like this:

Sarah

Nature

(-1)(14) (0)(0)

Nature

If Sarah doesn’t buy a lottery ticket she wins nothing with certainty so her
expected payoff is 0 · 1 = 0. If Sarah buys a lottery ticket then with probability
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1
10 she wins $14, and with probability 9

10 she loses $1. So her expected payoff in
dollars for this case is 14· 1

10 +(−1)· 9
10 = 1

2 . Using the expected utility principle,
we can say that since Sarah is rational she will maximize her expected payoff
and thus choose to buy the lottery ticket since 1

2 > 0.
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