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Mathematics 339
April 14, 2009

Professor Cownden
Final Exam

Please read the following points carefully before proceeding!

1. Please note: Proctors are unable to respond to queries about the inter-
pretation of exam questions. Do your best to answer exam questions as
written.

2. You are not allowed any aids other than those included on the last pages
of this exam and a Casio 991 calculator or equivalent (gold sticker).

3. Please do not write in red.

4. Print your student number at the top of this page. Do not provide your
name.

5. You have 3 hours to complete the exam.

6. Please read all questions carefully before answering them.

7. Answer all questions on the exam paper (both sides); any work not on
the exam paper will not be graded. I have tried to ensure that you have
enough space on the exam paper to answer each question, but do not feel
as if your answer needs to fill out the available space in order to be correct!

8. Marks per question are shown in square brackets after the problem num-
ber. The total is 70.

9. Check that your question paper has 8 pages.
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1 Who Stepped Up [20]

D denizens in a neighbourhood all witness a crime going down out on the street
from their apartment windows. Everyone in the hood must simultaneously and
independently decide whether or not to rush outside and help. If a denizen goes
into the street and helps there is a chance they will be hurt by the criminal.
The chance that a denizen is hurt by the criminal depends on the number of
denizens who rush out to help. If only one denizen helps there is a 1

2 chance
that they will be hurt, if two denizens help they each independently have a 1

8
chance of being hurt, if three or more denizens rush out to help then the helping
denizens have a zero chance of being hurt. If a denizen is hurt then they pay
a cost h (for hurt). If at least one person rushes out and intervenes then the
criminal is caught, the crime is prevented and some justice is made. Everyone
in the hood loves justice so if at least one denizen rushes out everyone in the
hood gets benefit j (for justice). If a denizen stays in when there is no chance
of being hurt (i.e. when two or more denizens helped out, two is enough since if
they had been the third there would be no risk) then everyone thinks of them
as a coward and they pay some small cost c (for coward). If no one steps up
then no justice is done, and so everyone in the hood has payoff 0. Let h = 8,
j = 2, and c = 1.

1. For D = 1 write out the payoff function for a player. Find all the Nash
equilibria both pure and mixed.[2]

2. For D = 2 write out the payoff function for a player. Find all the Nash
equilibria both pure and mixed.[4]

3. For D = 3 write out the payoff function for a player. Find all the Nash
equilibria both pure and mixed.[6]

4. For Arbitrary D write out the payoff function for a player. Find all the
Nash equilibria both pure and mixed.[6]

5. Are individuals more or less likely to intervene in a large neighbour-
hood?[2]
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2 Matrix Game Acrobatics [10]

Consider the following matrix game between player S and player T :
t1 t2

s1 x, y 3,3
s2 4,3 2,1

1. What must be true of x and y for (s1, t1) to be a strict Nash equilibrium?[2]

2. What must be true of x and y for (s2, t1) to be a weak Nash equilibrium?[2]

3. What must be true of x and y for there to be a Mixed Strategy Nash
Equilibrium where player S plays s1 with probability p∗ = 1

2 and player
T plays t1 with probability q∗ = 1

3?[4]

4. What are the expected payoffs of each player at the MSNE. [2]
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3 ESS and Replicator Equations [40]

Consider the following matrix game.

a b c
a (0,0) (3,1) (1,0)
b (1,3) (0,0) (0,4)
c (0,1) (4,0) (0,0)

1. Find all the Nash equilibria pure and mixed for this game.[4]

2. Is this an evolutionary game (Two player and symmetric)?[1]

3. Prove that the MSNE for this game is an ESS.[10]

4. Write out the replicator equations for this game. let p be the proportion
of the population playing a and let q be the proportion of the population
playing b, note that the proportion of the population playing c will be
1− p− q. You should have two replicator equations one for the dynamics
of p and one for the dynamics of q. Assume α and β are both 1. [6]

5. Find the equilibria of the system by finding the intersections of the iso-
clines for each of your replicator equations. Note that these replicator
equations are kind of ugly so here’s a big hint. There are 4 equilibria I
want you to find. One is the trivial p = 0, q = 0 equilibrium, one cor-
responds to the MSNE so just plug in the values from the MSNE into
the replicator equations to show that it is indeed an equilibrium, and the
other two are found by subbing q = 0 into the ugly part of the p replica-
tor equation, and by subbing p = 0 into the ugly part of the q replicator
equation.[4]

6. Calculate the Jacobian of the system and use it to determine the stability
and type of each of the equilibria of the system.[5]

7. Draw a well labled picture including the, labled axis, the easy to draw p
and q isoclines, and every equilibrium point.[5]

8. You don’t actually have very much to work with but see if you can deduce
something about the trajectories of the system. If you come up with an
idea of how the trajectories look put them in your picture. [5]

(Hint: Since 1 − p − q is a proportion we have that 0 ≤ 1 − p − q ≤ 1. What
constraints does this place on p and q?, check that your solution is reasonable
in light of these constraints.)
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Classifying Equilibria with a Jacobian

Suppose you have a system of differential equations

dp
dt

= f(p, q)

dq
dt

= g(p, q)

Then the Jacobian of this system is defined to be

J =

(
∂f
∂p

∂f
∂q

∂g
∂p

∂g
∂q

)
=
(
a b
c d

)
Then let D = (ad− bc) and T = (a+ d). If the Jacobian is evaluated at an

equilibrium point of the system then using D and T we can classify the type of
equilibrium as follows.

1. If D = 0 can’t say anything about the equilibrium from the Jacobian.

2. If D < 0 the equilibrium is a saddle point, and hence unstable. No need
to compute T .

3. If D > 0 and T < 0 the equilibrium is asymptotically stable.

4. If D > 0 and T > 0 the equilibrium is asymptotically unstable.

5. If D > 0 and T = 0 the equilibrium point is centre, which is stable but
not asymptotically stable. (i.e. not the kind of stable that corresponds to
an ESS)

6. If D > 0 and T 2 − 4D < 0 the equilibrium point is a focus

7. If D > 0 and T 2 − 4D ≥ 0 the equilibrium is a node.

Maximizing a function of two variables

Let f(p, q) be a function of two variables. It’s critical points are those which
satisfy both of the following equations.

∂f

∂p
= 0

∂f

∂q
= 0

To check if a critical point is a local maximum, local minimum, or a saddle point
you need to look at the matrix(

∂2f
∂p2

∂2f
∂p∂q

∂2f
∂q∂p

∂2f
∂q2

)
=
(
a b
c d

)
Then let D = ad− bc if D < 0 the critical point is a saddle point, if D > 0 and
∂2f
∂p2 < 0 then the critical point is a maximum, if D > 0 and ∂2f

∂p2 > 0 then the
critical point is a minimum.
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Binomial distribution

Suppose a coin has a p probability of coming up heads and it is flipped n times.
Then the probability of exactly i flips coming up heads is given by

(
n
i

)
pi(1−p)i.

If your calculator doesn’t do this for you automatically
(
n
i

)
= n!

(n−i)!·i! . This
might be helpful in problem one.


